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Abstract 
The focus of this paper is on stability analysis of 2-Stage Rosenbrock-based Real-time integrator for nonlinear 
structural dynamic problems, but the analysis spans both linear and nonlinear ranges. In linear case, the energy 
approach is presented to study its energy decaying property and high-frequency dissipation property. To investigate its 
nonlinear stability, numerical simulations are conducted on a shear-type structure including a pendulum. The theoretical 
analysis and the numerical simulations, on the one hand, efficiently demonstrate the applicability of the integrator to 
complicated structural problems; on the other hand, provide favorable approaches to investigate performances of other 
monolithic integrators. 
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1. Introduction 
With the higher-rise, longer-span and smarter-material tendencies of structural systems and the higher 
requirements of safety and reliability, nonlinear analysis is required to achieve acceptable simulations under 
large earthquakes. Common-used integration methods (e.g., Newmark-Family methods and Runge-Kutta 
methods) are stable or at least conditionally stable for linear problems. But for nonlinear analysis, those 
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methods often lose stability or suffer from accuracy issue. Meanwhile, energy-conserving and decaying 
methods incorporating with high-frequency dissipation property renders preferable nonlinear stability[1]. 
With this in mind, this paper focuses on stability analysis of 2-stage Rosenbrock-based L-Stability Real-
Time (LSRT2) method, in order to highlight its applicability for nonlinear analyses. 
2. Linearly implicit Rosenbrock-based algorithms 
In this section, we introduce the LSRT2 method[2]. It is linearly implicit because it eliminates the need 
to solve nonlinear equations for nonlinear problems. To employ the LSRT2 method, the equations of 
motion 
 , ,t Mu r u u                                (1) 
can be rewritten into a state-space form 
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where M stands for the mass matrix which is assumed to be symmetric positive definite for simplicity, and 
 , , tr u u for the vector of applied and internal forces. Differentiation with respect to time is expressed by a 
dot, and thus we set u  and  u  to define the corresponding velocity and acceleration vectors. 
For Eq. (2), the LSRT2 method reads: 
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where t' is the step interval and  / w wJ f y is the Jacobian matrix evaluated at the first stage. To achieve 
L-stability, it is assumed that 1 2 / 2J  r . The favourable performance of the LSRT2 method with respect 
to low and high-frequency components of the response can be found in[2]. 
3. Stability analysis of the LSRT2 method via the energy approach 
To realize the decaying property of the method, we introduce the energy approach that guarantees the 
preservation of the total energy of the system. For stability analysis in the linear region, it suffices to restrict 
attention to an undamped autonomous problem, characterized by the differential 
equation     0t t  Mu Ku . According to Eq. (2), the equation can be reformulated in Hamilton form˖ 

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The energy balance equation involves the increment of the mechanical energy over the time interval, i.e., 
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1 1 1 1 1/ 2 / 2
T T
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It is assumed that K is also positive definite. To deal with the first-order algorithm, Eq. (6) is transformed: 
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Before the detailed analysis, we state the following formulae: 
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Considering an arbitrary vector^ `1 2,T Tx x ˈthe above-mentioned matrices satisfy 
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which indicates that the matrices are zero-definite. These formulae are used to simplify the energy balance 
equations in the remainder of this section. For the system (5), the LSRT2 method yields: 
 > @ > @   1 11 2 1 1= ,  / 2 .k kt t t t' J ' ' J J '     k I J Jy k I J J y k J k  (10)
In order to avoid inverse matrices, the following transformations are required: 
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Therefore, the energy balance equation can be rewritten 
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which contains k1 and k2. It is necessary to express k1 with respect to k2. Now combining Eqs (11) yields: 
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To continue, the energy balance equation can be simplified 
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Accordingly, one can conclude that the stability condition of LSRT2 method is determined by the matrix: 
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To study this matrix, its inverse matrix is written as 
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Using the Blockwise inversion technique, the matrix Q can be expressed as: 
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If one suppose ^ `2 1 2, TT T k x x ˈit is concluded that 
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It is obvious that the matrices A, B and D are positive definite if 1 2 / 2J  r . Therefore, the matrices 
  11A BC B  and   11C BA B   are also positive definite. Along the line, one can obtain 
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which indicates that LSRT2 method exhibits energy decaying property.  
Moreover, we can also study the L-stability of the method via the energy approach. According to the 
definition of L-stability[3], it entails that the method can annihilate the response of emulated structure 
when z tZ ' approximates to infinity. For the system (5), this indicates that when the eigenvalues of 
t' J approximates to infinity, 
1 10 and 0k k   y E . In this case, Eq.(15) can be simplified as: 
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As 1 10 and 0k k   y E , one can obtain the following formulations: 
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Combining Eqs (22) and (23), one can obtain the equation 
    1 21/ 4 1/ 2 =-k kJ J
   E E  (24)
whose solutions are 1 2 / 2J  r . This indicates that the method can annihilate total energy in one step.  
4. Numerical simulations of a shear-type structure with a pendulum at the top 
As underlined above, the energy decaying property and the L-stability entails a desirable potential for 
nonlinear stability. To validate this, a shear-type structure with a pendulum in Fig. 1 is simulated by means 
of the LSRT2 method as well as the Constant Average Acceleration method (CAAM)[4]. The structural 
parameters are assumed to bem1=1.5kg, m2=10kg, m3=0.1kg, k1=k2=4000N/m, and L=0.2mǄFirst, we 
consider free vibration with the initial conditions
1 0.2 /x m s , 2 0.1 /x m s , 0.1 /rad sT  , and the initial 
displacements are set to be 0. Then, we taken into account forced vibration excited by the N-S component 
of the Wenchuan earthquake recorded at Shifang whose peak acceleration is scaled to 0.2g. In this case, all 
the initial values are chosen to be 0. For both cases, the time step is 1ms. 
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Figure 1 Schematic representation of a shear-type structure with a pendulum at the top 
For the sake of brevity, only displacement histories of the first floor and energy histories are presented in 
Fig. 2. In Fig. 2(a), a reference solution which is obtained by means of the LSRT2 method 
with 0.01t ms'   is presented for comparison. In the case of free vibration, the displacement solutions of 
both methods are of great agreement with the reference solution. Meanwhile, in Fig. 2(c) the LSRT2 
method remains energy-decaying for this nonlinear problem while the energy time history of the CAAM 
method exhibits slight fluctuation. It is noticed that the CAAM method is also energy-decaying in linear 
range[4]. In the case of excited vibration, the LSRT2 method yields a stable solution while the CAAM 
method leads to a failure around 0.7 in the Newton-Raphson iteration of equilibrium. 
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Figure 2 Time history of simulations: (a) displacement under free vibration; (b) displacement under earthquake; 
(c) and (d) energy curve obtained by the LSRT2 method and the CAAM method under free vibration 
5. Conclusions 
Motivated by the fact that L-stable energy-decaying integrators are beneficial to their nonlinear stability, 
the paper firstly studied the energy decaying property and L-stability of a Rosenbrock-based method in the 
linear range via the energy approach. Then, its nonlinear performances were investigated by simulating a 
shear-type structure with pendulum. Both the analytical and the numerical results indicated the favorable 
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stability and accuracy of the method which guarantees its applicability to nonlinear problems. Work is in 
progress to provide analytical proof of its nonlinear stability for special problems and to develop LSRT2-
based partitioned integration methods. 
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